Abstract A nonlinear transport model for single-phase gas flow in tight porous media is developed. The model incorporates many important physical processes that occur in such porous systems: continuous flow, transition flow, slip flow, Knudsen diffusion, adsorption and desorption into and out of the rock material, and a correction for high flow rates. This produces a nonlinear advection-diffusion type of partial differential equation with pressure-dependent model parameters and associated compressibility coefficients, and highly nonlinear apparent convective flux (velocity) and apparent diffusivity. A key finding is that all model parameters should be kept pressure dependent for the best results. An application is to the determination of rock properties, such as porosity and permeability, by history matching of the simulation results to data from pressure-pulse decay tests in a rock core sample (Pong et al. in ASME Fluids Eng Div 197:51-56, 1994).
pores, and a fraction of the gas is adsorbed into the kerogen material that is the solid organic material, and a fraction of the gas is trapped inside the fractures.
Shales also have low porosity, typically in the range 4-15% (Darishchev et al. 2013 ), and extremely low permeability which makes the movement of gas molecules very difficult (Aguilera 2014) . The permeability of shale rocks can vary typically between 10 and 2000 nD (Darishchev et al. 2013) . The pressure in shale rock formations typically varies in the range 25-60 MPa; and the temperature varies from 325-450 K (Wang et al. 2014 ).
Darcy's law is known to fail for such tight gas flow; a realistic transport model for shale gas transport must incorporate several flow regimes (continuous (viscous) flow, slip flow, transitional flow, surface diffusion, and Knudsen flow) as well as the adsorption and desorption of the gas from the rock material. Furthermore, the system is highly pressure dependent.
The objective here is to develop a realistic transport model for single-phase shale gas flow and then to demonstrate its effectiveness by applying it to determining rock characteristics, such as the permeability and the porosity.
Flow in Porous Media

Modeling Transport in Porous Media
Transport in porous media is strongly dependent upon the porosity and the permeability (Cui et al. 2009; Civan 2011) . It is possible that the rock properties themselves change in response to changes in the prevailing conditions such as the pressure and the temperature; for example, the porosity may change because some pore passages may become blocked over time, while other passages may opened up.
The principal parameters on which most models are based are the intrinsic rock permeability (K ) and the rock porosity (φ). An accurate determination of these properties is therefore essential for developing such transport models (Freeman et al. 2011) . Darcy proposed an empirical linear equation relating the convective flux (or discharge rate), u, of the fluid, to the pressure gradient and the rock properties,
The actual fluid velocity v is related to the flux through the porosity, φ, by v = u/φ. In Eq.
(1), p is the pressure, K is the rock permeability, and μ the viscosity. For high velocities in porous media, inertial effects can become significant. Sometimes a nonlinear quadratic inertial term is added in Darcy's equation, known as the Forchheimer term (Forchheimer 1901) , accounting for the nonlinear behavior of the pressure gradient,
Here, ρ denotes the gas density and B is a constant tensor of rank two (in the most general three-dimensional case). Different flow regimes can be classified through the Knudsen number (Ziarani and Aguilera 2012) , which is defined as the ratio of the molecular mean free path λ to the hydraulic radius R h , of the flow channels. The mean free path (λ) is the average distance traveled by a gas molecule between collisions with other molecules. There exists several models for the mean free path, such as given by Loeb (2004) ,
where T is the absolute temperature (K ), R g is the universal gas constant and M g is the molecular weight of gas. The hydraulic radius R h is the mean radius of a system of pores and is given by (Carman and Carman 1956; Civan 2010) ,
where τ h is the tortuosity which is the ratio of apparent length of the effective mean hydraulic tube to the physical length of the bulk porous media. Ziarani and Aguilera (2012) , Rathakrishnan (2013) and other researchers have followed the classification of four flow regimes based on the Knudsen number. The flow regimes are illustrated in Fig. 1 and are classified as follows.
Continuum (viscous) flow exists in the range where K n < 0.01, and the conventional Darcy's law can be used to describe the flow. Darcy's law was derived on the assumption of laminar flow for small Reynolds number Re ≈ O(1) (Fig. 1) .
Slip flow exists in the range where 0.01 < K n < 0.1. Gas molecules accumulate along the inside surface of the pore, as shown in Fig. 1 , and they push gas molecules toward the pore interfaces. Darcy's law can be employed with some modifications.
Transition flow exists in the range where 0.1 < K n < 10. During the slipping phenomenon, when the gas molecules collide with the gas molecules already stuck to the surface of the porous rocks, they exert some force on the molecules and some of the gas molecules leave the pore surface and become a part of the continuous flow. Conventional equations fail and we must use Knudsen diffusion equations.
Knudsen (free molecular) flow exists in the range where K n > 10. The mean free path of the gas molecules is much greater than the radius of the flow channels, and gas molecules collide more frequently with the pore walls compared to the collision rate between gas molecules. It occurs in systems with low pressures or very tight pore throats as in the case of shale gas or coal bed methane formations.
Surface diffusion is modeled based on the amount of gas adsorbed onto the surface which is dependent on the Knudsen number. Cui et al. (2009) and Civan et al. (2011) developed a formula for estimating the amount of adsorbed gas based on Langmuir isotherms, which will be discussed further in Sect. 4.2.
Intrinsic Permeability and Apparent Permeability
Gas slippage in a porous medium leads to higher than expected measured gas permeability, the apparent permeability K a , compared to the intrinsic permeability K, (Chen et al. 2015) . Many correlations between intrinsic and apparent permeabilities have been proposed in the literature (Klinkenberg et al. 1941) . A formula, derived from Hagen-Poiseuille-type equation, is given by Beskok and Karniadakis (1999) ,
where
f (K n ) is the flow condition function, and σ is called the rarefaction coefficient correlation. Different correlations for σ have been proposed by Beskok and Karniadakis (1999) , Civan et al. (2011) and Freeman et al. (2011) . In this work, we use the correlation proposed by Civan (2010) ,
where a σ and b σ are empirical constants, and b in Eq. ( (7)) is called the slip factor.
A Transient Transport Model for Gas Flow in Tight Porous Media
Conservation of Mass and Momentum
Mass conservation of gas transport through the tight porous media is described by including the loss of mass of gas by adsorption per unit bulk volume of porous media and per unit time (the second term on the left below) in the continuity equation,
q is the mass of gas absorbed per solid volume of rock. Q is some external source. Momentum conservation of gas flowing through porous media is described by a modified Darcy's law and is given by
where ρ is the density, u is the volumetric flux, μ (Pa s) is the dynamic viscosity of the flowing gas, g (m 2 /s) is the magnitude of the gravitational acceleration vector, H (m) is the depth function, K a (m 2 ) denotes the apparent permeability tensor of the rock, p is the pressure, and B represents the inertial and turbulence effects where the velocity is high, see Eq. ( (2)).
Setting F −1 = I + ρ μ K a B|u| , where I is the identity matrix, we obtain,
Combining Eqs. (9) and (12), and after rearranging, we obtain
The Pressure Equation
When pressure is applied, it changes the physical properties of the system. The changes in the physical quantities are measured in terms of compressibility coefficients. The isothermal coefficient of compressibility, ζ γ ( p), of property γ (p) is defined as,
Thus the isothermal coefficient of compressibility for fluid density ρ is,
For quantities, such as the fluid viscosity, μ, and the rock porosity φ, we assume an exponential integral relation. Thus
and,
For a matrix (tensor) quantity like the rock permeability, K a , we define ζ K a as follows,
Other compressibility coefficients are (see Ali (2016) for details of derivation),
Using Eq. ( (11)), it can be shown that,
Leading finally to,
Using Eq. ((6)), we have,
Note that all compressibility coefficients are combinations of four basic ones, namely ζ ρ , ζ K , ζ f , and ζ μ .
From Eqs. (19) and (20), we derive the following expressions,
and
We define the apparent diffusivity D a (m 2 /s) as,
where ζ t ( p) is the total compressibility and it is given by
Then it can be shown that Eq. (30) becomes,
This is the most general transport equation for single-phase gas flow in three-dimensional porous media which can be derived incorporating the various flow regimes that occur in the porous media, and the high velocity effects through the Forchheimer's nonlinear correction term, and including gravity and a source term. The turbulence factor B is considered as a function of K a , φ, and τ . Moreover, the parameters φ, μ, ρ are functions of pressure p.
In this work, we consider the simplified system of one-dimensional flow, without gravity (horizontal reservoir), and with no external forcing. This yields,
where U a (m/s) is called the apparent convective flux (or convective velocity), and D a ( p) (m 2 /s) is the apparent diffusivity. They are defined by,
where F and K a are scalar quantities in the one-dimensional system. Similar models were considered by Malkovsky et al. (2009 ), Liang et al. (2001 , Civan et al. (2011) . However, these models do not include the high velocity corrections, and some of the models make other approximations such as constant model parameters. The further assumption of steady state, ∂ p ∂t = 0 yields,
which can be rearranged to yield,
where ζ 3 ( p) is given by Eq. (22). In application, we will be dealing with one-dimensional flow, with zero gravity, and with no external source, Eq. (34). 
Compressibility Coefficients
Parameters in the New Transport Model
All compressibility coefficients must be known or modeled. We list these models below.
The real gas deviation factor (Z ) is calculated from Mahmoud (2014) ,
where p r = p/ p c is the reduced pressure and t r = T /T c is the reduced temperature, and p c and is critical pressure, and t c , is the critical temperature-these quantities are assumed known. The density, ρ, of real gases is defined by the relationship, ρ = pM g Z R g t , which can be re-expressed as,
The compressibility coefficient of the gas density, ζ ρ , is thus given by,
The model for the gas dynamic viscosity, μ, used here is, Mahmoud (2014) ,
The compressibility coefficient of gas viscosity, ζ μ , is then given by
For the porosity, φ, we use the correlation, Regnet et al. (2015) and Zheng et al. (2015) ,
where a φ , b φ , and c φ are empirical constants, assumed known. The compressibility coefficient of the porosity, ζ φ , is given by,
The intrinsic permeability, K , is a fundamental property of the reservoir rocks. Different models and empirical relations have been proposed to estimate the permeability of reservoir rocks. One of the most commonly used relations is the Kozeny-Carman equation which is derived on the assumption of continuous flow of fluid through a bundle of parallel tubes of constant diameter. This equation gives good results for the homogeneous porous media with the laminar flow, but it fails to accurately predict the permeability of heterogeneous reservoirs with a complex network of pores. It also fails for reservoirs with very low porosity and low permeability values. Here, we use a modified power law form of the Kozeny-Carman equation (Civan 2014) ,
where α KC , β KC , and Γ KC are empirical constants, with φ < α KC ≤ 1, and 0 ≤ β KC < ∞, and Γ KC ≥ 0. This can be rearranged to yield,
The compressibility coefficient for the intrinsic permeability, ζ K , is given by,
Tortuosity, τ , is a measure of the geometric complexity of the pore network and interconnectivity, and it is defined as the ratio of the length of a typical streamline, or path, between two boundaries, to the bulk length of the reservoir rock. There exists several relations between tortuosity and porosity but none of them works for all situations, see Matyka et al. (2008) . We use the following correlation for the tortuosity (Matyka et al. 2008) ,
where a τ is a fitting constant. The compressibility coefficient of tortuosity ζ τ is given by the expression,
The turbulence correction factor, B (which is a scalar in one dimension), is modeled by Zhang (2013) and Macini et al. (2011) ,
where a B , b B , c B and d B are empirical constants. The compressibility coefficient of turbulence factor ζ b is given by,
The control factor, F, introduced in Sect. 3 is given by
The compressibility coefficient for the control factor ζ F is given by,
where 
Gas Adsorption Isotherm
The shale adsorbs a portion of the gas; the amount retained is a dynamic process depending upon the pressure and the adsorbant, e.g., kerogen, in the shale. As the pressure in the shale decreases, the gas is desorbed into the pore network. The relationship between pressure and the volume of the adsorbed gas is described by the desorption isotherm. The most commonly used relation to estimate the amount of gas released is the Langmuir isotherm formula. Cui et al. (2009) and Civan et al. (2011) used the following formula, which is based upon the Langmuir adsorption isotherm,
where ρ s (kg/m 3 ) denotes the material density of the porous sample, q (kg/m 3 ) is the mass of gas adsorbed per solid volume, q a (std m 3 /kg) is the standard volume of gas adsorbed per solid mass, q L (std m 3 /kg) is the Langmuir gas volume, V std (std m 3 /kmol) is the molar volume of gas at standard temperature (273.15 K) and pressure (101,325 Pa), p (Pa) is the gas pressure, p L (Pa) is the Langmuir gas pressure, and M g (kg/kmol) is the molecular weight of gas.
The compressibility coefficient of the adsorbed gas ζ q is given by,
ζ q ( p) decreases with increasing pressure. It implies that ζ q ( p) is limited by the number of empty spaces available at the pore surface.
Compressibility Coefficient of Knudsen Number
The compressibility coefficient of the mean free path ζ λ is given by
The compressibility coefficient of the hydraulic radius, ζ R , is given by,
In general, ζ R decreases with the increase in pressure.
The compressibility coefficient of Knudsen number ζ K n is given by
Note that ζ K n has negative values.
Intrinsic Permeability and Apparent Permeability
Using Eqs. (6), (7), and (8), the compressibility coefficient for K a is given by
ζ K is given by Eq. (55). To compute ζ f , from Eq. (7), we have
In the limit of continuous (Darcy) flow, K n → 0, then f → 1 and K a → K . On the other hand, in the limit of Knudsen diffusion, K n → ∞, then σ → σ 0 , f → ∞ and hence K a → K . Thus in the two extreme limits we have K a → K .
Determining Rock Properties Using the Transport Model
We will demonstrate the new transport model by solving the problem of determining rock properties through solving an inverse problem whereby model parameters are adjusted to fit a given set of experimental data. See for example Hsieh et al. (1981) Ali et al. (2015) . (If the porosity alone is the main interest, then other methods such as pycnometry method can be used Chen and Yang (1991) .) We will use the new transport model Eq. (34) with Eqs. (35) and (36) in a system for which we have experimental data from the pressure-pulse decay tests of Pong et al. (1994) , who used nitrogen as the working gas. See also, Civan et al. (2011) , Lorinczi et al. (2014) and Ali et al. (2015) .
Pressure-Pulse Decay Tests
We would like to test all aspects of the new model, including unsteady systems. However, we are limited to the available data which we have found only for steady-state systems, see below. This at least allows us to test the main ideas behind the new model, that is, the importance of retaining pressure-dependent model parameters.
In a pressure-pulse decay test, as shown in Fig. 2 , a short homogeneous rock sample or channel of length L is initially set to a constant pressure inside the sample itself. A pulse of pressure is then sent through the sample from the upstream boundary and the pressure field quickly reaches a steady-state distribution across the core length. The pressure is recorded at different stations along the core length. We solve the following initial and boundary value problem,
and Dirichlet boundary conditions,
where p u is the measured values of the pressure in the upstream reservoir, and p d is the measured values of the pressure in the downstream reservoir. The flux conditions at the inlet (upstream) boundary are
= −ρu · nA, which for one-dimensional domain becomes,
where V u is the volume of upstream reservoir, and A is the cross-sectional area. The flux conditions at the outlet (downstream) boundary are
= ρu · nA, which for one-dimensional domain becomes,
where V d is the volume of downstream reservoir. In the pressure-pulse decay tests of Pong et al. (1994) , measurements of pressure, p were recorded at a number of stations, x, along the channel, and this is repeated for several different inlet pressures, P in = 135, 170, 205, 240, 275 kPa. The channel was 3 mm in length, and the height (hydraulic radius) was about 1.2 microns which is close to the mean free path suggesting a Knudsen number of about 1.0. The outlet pressure is 100.8 kPa and temperature is 314 K. This is sufficient for testing the general framework of the model, even if the parameters are outside the range of shale rocks.
Sixteen Transport Models
How important is it to keep all parameters to be pressure dependent at all times? To address this question, we consider sixteen different transport models, labeled k = 1, 2, . . . , 16. These models are produced by taking the four basic compressibility coefficients that appear in the model, (ζ ρ , ζ K , ζ f , ζ μ ), to be pressure dependent or pressure independent-this gives 16 combinations resulting in the different transport models, as listed in Table 1 .
Model 1 is when all the parameter are pressure independent and all compressibility coefficients are zero, ζ ρ = ζ K = ζ f = ζ μ = 0. This collapses to the Darcy law.
Model 16 is the fully pressure-dependent case,
An initial choice of model parameter values must be made, and these are then adjusted to yield the best-fit choice of model parameters values. The rock properties K , φ, and τ are determined as the best fit among all the models considered.
From Eq. (24), the most general form of ζ 3 in a one-dimensional domain is,
Without the turbulence correction factor, i.e., B = 0 (or F = 1), we obtain,
In the ensuing analysis, we will first consider the simulations from models without Forchheimer's correction term, B = 0 (F = 1), and then the simulations from models with Forchheimer's correction term B = 0 (F = 1).
Simulation Method
In any model of this type with a large number of parameters, the choice of parameter values is not globally optimized and so cannot be guaranteed to be unique. The approach here is to choose as many parameters as possible on the basis of physical considerations or from previous values in the literature. The remaining parameters have to be guesstimated, and then refined over many experimental datasets where available. Unfortunately, there is a lack of available data in the open literature. Indeed, we have only found one experimental dataset to date; but this does not detract from the general theoretical framework and the method of simulation developed here which is the major aim of this work.
The new transport model contains 13 parameters excluding the Forchheimer correction term, and 17 parameters if the Forchheimer correction term is included. The compressibility coefficients are modeled as described in Sects. 3 and 4. With these specified, the correlations for the model parameters and their associated compressibility parameters are completely determined as a function of the local pressure. The system can thus be solved numerically, given appropriate boundary and initial conditions. We have developed an implicit finite volume solver for the general one-dimensional system. The problem is to solve Eq. (34) with Eqs. (35) and (36) with appropriate boundary conditions for the unsteady case. For the steady case, we solve Eq. (37) instead of (34). Inflow and outflow boundary conditions for the steady case are given by Eqs. (70)- (73). We use implicit finite volume method to solve this nonlinear systems. Upon discretizing, this yields a set of nonlinear algebraic equations, A( p) p = S, where A is the coefficient matrix, p is the vector of pressures in each control volume, and S is the vector source term. This is linearized and solved iteratively for the next time step. FVM is desirable since they are stable provide the Courant number is less than 1, a condition that is easily satisfy.
Let p n = {p 1 , p 2 , . . . , p M } be the vector of unknown pressures at time step n, where p i is the pressure at the ith spatial location. Given the solution, p n , at t = t n = nΔt, we set a counter ν on the nonlinear system and write A ν p ν+1 = s ν , where A ν and s ν are calculated at previous iteration step, A ν = A( p ν ) and s ν = s( p ν ); p ν is assumed known. The system A ν p ν+1 = s ν is solved for p ν+1 , and then iterated to convergence to the next time step, p n+1 .
The simulation conditions matched the conditions of Pong's pressure-pulse decay tests with nitrogen as the working fluid, for five different inlet pressures, P in = 135, 170, 205, 240, 275 kPa.
The sixteen transport models were run with the model parameters listed in Table 2 , which were chosen to match Civan's parameter values where possible. The additional parameters in the new model were initially guesstimated, and then adjusted for best fit.
Simulation Results Without Forchheimer's Correction (B = 0)
The simulation results, without the Forchheimer's correction term, i.e., B = 0 (F = 1), from all sixteen models considered are shown as pressure against the distance along the core sample in Figs. 3 and 4 . The simulation results (lines) are compared with the data of Pong et al. (1994) (symbols) . The average sum of (relative) errors obtained with each model are shown in Table 1 
, where the double sum is over all 30 experiments. (P in is the inlet pressure).
Only Model 12 and Model 16 show a good match between the numerical solutions and the experimental data at all inflow pressures P in . Some of the models show a fairly good match, e.g., Model 3 and Model 10; some of the models show significant errors, e.g., Models 1, 5, 7, 8, and 14 , while yet other models are very badly in error, e.g., Models 2, 4, 6, 9, 11, 13, and 15. Darcy's law, Model 1, where all model parameters are taken to be independent of the pressure, gives linear profiles and is clearly unsatisfactory. Model 16 is the case where all the model parameters are pressure dependent. The error calculated in Model 16 is the smallest among all the sixteen models. From these results, we conclude that Model 16 is the best fit among all the models considered. The results demonstrate the importance of retaining all model parameters to be pressure dependent throughout the simulations in order to obtain the best results.
An exception is for the smallest inlet pressures P in , where most of the models yield fair agreement with the data. Therefore, low P in should be avoided in such experiments as the models are not critically sensitive to pressure dependency at low inlet pressures, so estimates of rocks properties cannot be made with accuracy.
Some Models that are less pressure dependent appear to be more accurate than some more pressure-dependent models-compare Model 3 and 11 for example. In a highly nonlinear system, this is not unexpected; since the parameter values are not globally optimized, this could also explain some of the large variations between the different models. In columns 2-5, an entry of '0' means that the compressibility factor is zero, and an entry of ' p' means that it is nonzero and the associated physical parameter is function of pressure p. Column 6 shows the sum of (relative) errors between the simulations (with B = 0) and the data Table 2 : a from the third column, and b from the fourth column
From Model 16, we can make estimates of the rock properties. Civan et al. (2011) took most of the model parameters to be constant and assumed a constant value for the porosity, φ = 0.2, independent of pressure, see Table 2 . On this basis his model predicted a value for the rock permeability to be K = 10 −15 m 2 , (or 10 6 nD). This is orders of magnitude larger than expected for micro-channels. In the new model simulations, the porosity is a variable and dependent upon the pressure. From the Model 16 simulations, it lies in the range 0.1901 ≤ φ ≤ 0.2003, and it was found that the permeability lies in the range 10 −14 ≤ K ≤ 10 −15 m 2 (or 10 6 ≤ K ≤ 10 7 nD). Figure 5a shows the simulation results when we take the same parameter values as for Model 16 with B = 0, Table 2 third column. The four additional parameters are, initially, guesstimated. The simulations are significantly in error of the data, except for the lowest P in = 275 KPa.
The model parameters were therefore adjusted for the best fit, Table 2 fourth column, and the simulation results are shown in Fig. 5b . We observe an excellent match between the numerical solutions and the experimental data. The error between the simulated and the measured pressure values is 2.7×10 −3 , which is still small and crucially the range of porosity is now found to lie in the range 0.10 < φ < 0.1038, and the intrinsic permeability was found to lie in the range 106 < K < 111 nD. Although these values are smaller than what might be expected in 1.2 micron channel networks, they are better estimates than from previous models including Model 16 with B = 0.
The channel is only an approximation to a rock core sample, while the model was developed with real rocks in mind. Furthermore, in view of the absence of more experimental datasets it is likely that model parameters need further refining. Overall, the performance of the model if not perfect is nevertheless acceptable and lays a foundation framework for future refinement.
Discussion and Conclusions
A fully pressure-dependent nonlinear transport model for the flow of gas in tight porous media has been developed accounting for the important physical processes that exist in the system, such as continuous flow, transition flow, slip flow, surface diffusion, adsorption and desorption into the rock material and also including a nonlinear correction term for high flow rates (turbulence). The model was developed initially for the general case of transient flow of single-phase gas flow in a three-dimensional porous system with gravity and a general source term.
A steady-state one-dimensional version of the model without gravity and without external source was used to determine the porosity and permeability by history matching the pressure distribution across a channel from pressure-pulse decay tests for different inflow pressure conditions. It was found that when the high flow rate correction factor is excluded (B = 0), then the model with fully pressure-dependent parameters (Model 16) gives the smallest errors compared to the data. When the high flow rate correction factor is included (B = 0) in the model, the errors are further reduced, and the estimates for the porosity and permeability are much improved though not perfect.
The new model has been constructed on the physically correct principle of pressuredependent parameters, and it is expected that it should be the best performing model in general even for unsteady systems.
Although the choice of model parameter values is not globally optimized and so cannot be guaranteed to be unique, this does not detract from the general theoretical framework and method of simulation of the transport model, which has been the main aim and achievement of this work. The choice of input model parameters values will become more refined as more experimental data become available in the literature.
We can draw the following conclusions. Firstly, a realistic transport model should incorporate all of the important physical transport sub-processes in the porous system. Secondly, model parameters and associated compressibility coefficients should be fully pressure dependent throughout the numerical procedure for the best results. Thirdly, a Forchheimer correction term for high flow rates is essential.
Finally, although we have demonstrated the model only in the context of a one-dimensional and homogeneous rock sample, the model is in principle applicable to multi-dimensional and heterogeneous rock structures because the physical properties in the model are computed locally as functions of the local pressure p(x, t). Fractured rock structures are outside of the current model framework and will be addressed as a separate study in the future.
